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Abstract
We consider the evolution of the free boundary separating two immiscible viscous
ﬂuids with diﬀerent constant densities. The motion is described by the Stokes
equations driven by the input pressure and gravity force. For ﬂows in a bounded
domain  ⊂ R2, we prove existence and uniqueness of classical solutions and make
an emphasis on the study of properties of the moving boundary separating the two
ﬂuids.
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1 Introduction
We consider a ﬂow of two immiscible viscous ﬂuids with diﬀerent constant densities in
a single capillary  = {x ∈ R : – < x < ,–h < x < h}. The evolution is driven by in-
put pressure and the gravity force. More precisely, in this problem one has to ﬁnd veloc-
ity u(x, t) = (u(x, t),u(x, t)) ∈ R, pressure p(x, t), and density ρ(x, t) from the system of
equations for velocity and pressure
μu –∇p + gρe = , ()
∇ · u = , ()
where μ = const is a viscosity of liquids, e is a given unit vector and g is acceleration due
to gravity, and the transport equation for density
dρ
dt ≡
∂ρ
∂t +∇ · (ρu) =
∂ρ
∂t + u · ∇ρ = . ()
At the initial moment t = , the density is piecewise constant and assumes two positive
values characterizing the distinct phases of the ﬂow,
ρ(x, ) = ρ(x) =
{
ρ+, x ∈ +(),
ρ–, x ∈ –(), ρ
± = const,ρ– > ρ+ > .
Time t enters the equations for velocity as a parameter, so these need no initial condition.
The boundary condition on the lateral part S = {x ∈ R : – < x < ,x = ±h} of the
boundary S = ∂ is
u(x, t) = . ()
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The boundary condition on the ‘entrance’ S– = {x ∈ R : x = –,–h < x < h} ⊂ S and ‘exit’
S+ = {x ∈ R : x = ,–h < x < h} ⊂ S is
P(u,p) · n = –pn, ρ = ρ±,x ∈ S±. ()
Here,
P(u,p) = μD(u) – pI, D(u) = 
(∇u + (∇u)∗),
I is a unit tensor, p(x) is a given function, and n = (, ) is a unit normal vector to S±.
Note that one needs the boundary condition for the density only at points x ∈ S±, where
±u · n < .
The initial and boundary conditions for density are equivalent to specifying the surface
 that separates the two subdomains ±() initially occupied by diﬀerent ﬂuids. For the
sake of simplicity, we suppose that () = {x ∈  : x = ,–h < x < h}, ± = {x ∈  :  <
±x < }.
If the velocity u(x, t) is suﬃciently smooth, then the Cauchy problem
dx
dt = u(x, t), t > t, x|t=t = ξ ()
determines a mapping
x = γ (ξ , t;u; t), γ : → . ()
In particular, the free boundary (t) is determined as a set
(t) =
{x ∈  : x = γ (ξ , t;u; ), ξ ∈ ()},
and subdomains ±(t) = {x ∈  : ρ(x, t) = ρ±} as sets
±(t) =
{x ∈  : x = γ (ξ , t;u; ), ξ ∈ ±}
∩ {x ∈  : x = γ (ξ , t;u; t), ξ ∈ S±(), t > }.
The problem treated here is that of ﬁnding the velocity u(x, t), pressure p(x, t), and den-
sity ρ(x, t) from the above equations and initial and boundary data. Note that it is non-
linear because of the coupling term u · ∇ρ in ().
To simplify our considerations, we pass to the homogeneous boundary conditions
P(u,p) · n = , x ∈ S± ()
by introducing a new pressure p→ p – p(x):
μu –∇p = f ≡ ∇p – gρe, ()
where ∇p is a bounded function
∣∣∇p(x, t)∣∣ < P = const. ()
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It is shown below that the evolution described by the above equations preserves the ex-
istence of two subdomains ±(t), each occupied by one of the ﬂuids, that are separated
at time t >  by a regular free boundary (t). Thus, the problem studied is equivalent to
ﬁnding u, p, and the moving boundary (t).
Theorems on the existence of generalized solutions to theNavier-Stokes system for non-
homogeneous incompressible ﬂuids were obtained in, e.g., [–] (without detailed analysis
of the setwhere the density is discontinuous). The existence anduniqueness of the classical
solution for the Stokes equations and homogeneous Dirichlet data were proved in [], and
the Muskat problem at the microscopic level with corresponding homogenization was
considered in [].
Finally we explain ourmotivation to study exactly this problem. It is well known [] that
the Darcy system of ﬁltration, describing the macroscopic ﬂow of a homogeneous incom-
pressible liquid, is a result of exact homogenization of the Stokes system for an incom-
pressible viscous liquid occupying periodic pore space in an absolutely rigid solid body.
More complicated macroscopic motion of two immiscible incompressible liquids is gov-
erned by the Muskat problem. In this model one looks for the free boundary (t), which
separates two diﬀerent domains +(t) and –(t) occupied by diﬀerent ﬂuids. In each of
the domains the liquid motion is described by its own Darcy system of ﬁltration. Thus
we may expect that, as in the case of the simple ﬁltration, the Muskat problem should
be obtained as a homogenization of the above mentioned free boundary problem for the
Stokes system. That is why the Muskat problem at the microscopic level for the Stokes
system, in addition to its incontestable value, is very important in the theory of ﬁltration
of underground ﬂuids.
2 Themain result
Let (m) = {x ∈  : – + m < x <  – m }, wherem >  - any real positive number.
Our principal result is the following theorem.
Theorem  Under condition () problem ()-(), ()-() has a unique solution on the
interval [,T) for some T > . The elements of this solution enjoy the following properties.
(i) For arbitrary positive m ∈N, q >  and λ =  – q , the velocity u and pressure p satisfy
the regularity conditions
u ∈ L∞
(
,T ;W ,q
(
(m)
)) ∩ L∞(,T ;C,λ((m))), p ∈ L∞(,T ;W ,q((m))),
equations (), () almost everywhere in T =× (,T), boundary condition () in a usual
sense, and boundary condition () in a sense of distributions as an integral identity
∫

(P(u(t),p(t)) :D(ϕ) + f · ϕ)dx =  ()
for almost all  < t < T and for any smooth solenoidal functions ϕ vanishing at x ∈ S.
(ii) The free boundary (t) is a surface of class C,λ at each time t ∈ [,T), and the nor-
mal velocity Vn(x, t) of the free boundary in the direction of its normal n at position x is
uniformly bounded,
sup
t∈(,T)
x∈(t)
∣∣Vn(x, t)∣∣ <∞.
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(iii) The density ρ has bounded variation
ρ ∈ L∞
(
,T ;BV
(
(m)
)) ∩ BV((m)T )
and satisﬁes the transport equation () in the sense of distributions
∫
T
ρ
(
∂ψ
∂t + u · ∇ψ
)
dxdt = –
∫

ρ(x)ψ(x, )dx ()
for any smooth functions ψ vanishing at t = T and x ∈ S±.
The time T of the existence of the classical solution depends on the behavior of the free
boundary (t). Namely, let δ±(t) be the distance between (t) and the boundary S± and
δ(t) = min(δ–(t), δ+(t)). Then δ(t) >  for all  < t < T and δ(t)→  as t → T .
Throughout the article, we use the customary notation of function spaces and norms
(see, e.g., []). Thus, for  < q <∞,
u ∈ Lq() ⇒
(‖u‖Lq())q =
∫

|u|q dx <∞,
u ∈W ,q() ⇒ (‖u‖W ,q())q =
∫

(
|u|q +
∑
i=
∣∣∣∣ ∂u∂xi
∣∣∣∣
q
)
dx <∞,
u ∈W ,q() ⇒ (‖u‖W,q())q =
∫

(
|u|q +
∑
i,j=
∣∣∣∣ ∂u∂xixj
∣∣∣∣
q
)
dx <∞,
u ∈ Lq
(
(,T);B
) ⇒ ∫ T

∥∥u(t)∥∥qB dt <∞.
For q =∞,
u ∈ L∞
(
(,T);B
) ⇒ sup
<t<T
∥∥u(t)∥∥B <∞.
C,λ() for  < λ <  consists of functions u ∈ C() whose ﬁrst derivatives satisfy the
Hölder condition with exponent λ,
sup
x,x∈
| ∂u
∂xi (x) –
∂u
∂xi (x)|
|x – x|λ <∞.
In the list of references, the order is alphabetical.
3 Proof of themain result
We divide the proof of Theorem  into several steps.
First, we show that the problem of ﬁnding u and ρ has at least one classical solution if
the initial density is smooth, ρ ∈ C∞(). The reasoning is based on the Schauder
ﬁxed point theorem.
Next, we specify a class of functions with certain regularity properties and using a
compactness argument establish the convergence of smooth solutions to the solution
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of the original problem with piecewise constant initial density ρ. We then show the
existence of a smooth surface separating the parts of the domain occupied by the two
diﬀerent ﬂuids.
3.1 Smooth initial density
Throughout this subsection we ﬁx a number q > , an integer m, and the initial density
ρ
(ε)
 ∈ C∞(), ε > . More precisely, we put
ρ
(ε)
 (x) =
{
ρ+, –≤ x ≤ –ε,
ρ–, ε ≤ x ≤ ,
and ρ– < ρ(ε) (x) < ρ+ for –ε < x < ε.
The function classM consists of all continuous functions ρ˜ ∈ C(T ) such that
ρ– ≤ ρ˜(x, t)≤ ρ+. ()
Now we deﬁne the following two linear operators. The ﬁrst of them transforms a ‘frozen’
density into the corresponding ﬁeld of velocities
M  ρ˜ → v =U[ρ˜] ∈ L∞
(
,T ;W ,q
(
(m)
))
.
The other one describes the evolution of density driven by a ‘frozen’ velocity ﬁeld (and
starts from the initial smooth density speciﬁed in the beginning of the subsection):
L∞
(
,T ;W ,q
(
(m)
)) U →  = R[ρ(ε) ,v] ∈ L∞(T ).
Namely, the operator U transforms ρ˜ into the solution of
μv –∇p = f˜ ≡ ∇p – gρ˜e, x ∈ ,  < t < T , ()
∇ · v = , x ∈ ,  < t < T , ()
v(x, t) = , x ∈ S,  < t < T , ()
P(v,p) · n = , x ∈ S±,  < t < T . ()
The operator  = R[ρ(ε) ,v], which depends on the given initial density ρ(ε) , transforms v
into the solution of the initial boundary value problem
∂
∂t + v · ∇ = ,x ∈ 
(m),  < t < T , ()
(x, ) = ρ(ε) (x), x ∈ (m), ()
(x, t) = ρ±, at x ∈ S±m,  < t < T , where ± v(x, t) < , v = (v, v). ()
Here,
S±m =
{
x ∈  : x =±
(
 – m
)}
.
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Outside of (m) we put
(x, t) =
{
ρ+, –≤ x ≤ – + m ,  < t < T ,
ρ–,  – m ≤ x ≤ ,  < t < T .
()
Let
(±ε)(v; t) = {x ∈  : x = γ (ξ , t;v; ), ξ ∈ (±ε)}, (±ε) = {ξ ∈  : ξ =±ε}, ()
where γ (ξ , t;v; t) has been deﬁned in ()-().
In this problem we restrict ourselves with the time range Tm satisfying the following
condition: for all ρ˜ ∈M and ε > , there exist some ρ˜ ∈M and ε >  such that (ε)(v;Tm)
touches S+m, or (–ε)(v;Tm) touches S–m.
It is clear that
Tm ≤ Tm+ ∀m > .
For a smooth initial density ρ(ε) , the original problem of ﬁnding u and ρ from ()-(), ()-
() reduces to ﬁnding a ﬁxed point of the superposition of these two linear operators, the
operator F = R ◦U deﬁned as
M  ρ˜ → F[ρ˜] = (R ◦U)[ρ˜] = R[ρ(ε) ,U[ρ˜]] ∈M.
We will show that the conditions of the Schauder ﬁxed point theorem are satisﬁed for the
operator F on the time interval (,Tm) where Tm > T and T >  do not depend on m,
ρ˜ ∈M, and ε.
.. Continuity of F
Below we use notation C for positive constants whose values do not depend on m and ε
and notation K for positive constants whose values do not depend on ε.
(a) For each function ρ˜ ∈M, the linear problem ()-() has a unique solution
v ∈ L∞
(
,T ;W ,()
) ∩ L∞(,T ;W ,q((m))),
p ∈ L∞
(
,T ;L()
) ∩ L∞(,T ;W ,q((m))),
and for each q ∈ (,∞) and each value of the parameter t ∈ [,T] the solution admits the
estimates
∥∥p(t)∥∥L() + ∥∥v(t)∥∥W ,() ≤ C∥∥˜f(t)∥∥L(), ()∥∥p(t)∥∥W ,q((m)) + ∥∥v(t)∥∥W,q((m)) ≤ K∥∥˜f(t)∥∥Lq(). ()
These results originate in [], ([], Chapter , Section ), [–], and [].
In fact, the ﬁrst estimate is a well-known result for the unique weak solution of this
problem in a form of the integral identity∫

(P(v,p) :D(ϕ) + f˜ · ϕ)dx = 
for ﬁxed t ∈ (,T) and for any smooth solenoidal functions ϕ vanishing at x ∈ S.
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This identity contains equation () and boundary condition ().
To prove () we consider an inﬁnitely smooth function χ (m)(x) such that
χ (m)(x) =
{
, x ∈ (m),
, x ∈ \(m).
It is easy to see that
μ(χ (m)v) –∇(χ (m)p) = f˜ (m), x ∈G(m),  < t < T , ()
∇ · (χ (m)v) = ϕ(m), x ∈G(m),  < t < T , ()(
χ (m)v)(x, t) = , x ∈ ∂G(m),  < t < T , ()
where (m) ⊂G(m) ⊂ (m), ∂G(m) ∈ C∞ and
f˜ (m) = μ∇χ (m) · ∇v +μvχ (m) – p∇χ (m) + f˜χ (m),
ϕ(m) =∇χ (m) · v.
In fact, one just diﬀerentiates all terms on the left-hand sides of equations () and ()
and uses corresponding equations () and () to get right-hand sides in () and ().
Estimates () provide
f˜ (m) ∈ L∞
(
,T ;L
(
G(m)
))
, ϕ(m) ∈ L∞
(
,T ;W ,
(
G(m)
))
:∥∥˜f (m)(t)∥∥L(G(m)) + ∥∥ϕ(m)(t)∥∥W ,(G(m)) ≤ K∥∥˜f(t)∥∥L().
Therefore, due to the above-mentioned works, the pair {(χ (m)v), (χ (m)p)} as a solution
of problem ()-() satisﬁes the estimates
∥∥(χ (m)p)(t)∥∥W ,(G(m)) + ∥∥(χ (m)v)(t)∥∥W,(G(m))
≤ ∥∥˜f (m)(t)∥∥L(G(m)) + ∥∥ϕ(m)(t)∥∥W ,(G(m)) ≤ K∥∥˜f(t)∥∥L(). ()
These results are typical of elliptic systems and may be explained by the Dirichlet prob-
lem for the Poisson equation
u = f , x ∈G, u(x) = , x ∈ ∂G.
Namely, if f ∈ Lq(G), then u ∈W ,q(G) and
‖u‖W,q(G) ≤ ‖f ‖Lq(G) for q > .
Coming back to the deﬁnition of χ (m), we obtain
∥∥p(t)∥∥W ,((m)) + ∥∥v(t)∥∥W,((m)) ≤ K∥∥˜f(t)∥∥L(). ()
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Combining with the embedding theorem for the pair of spacesW ,((m)) and Lq((m))
for any q >  (see [], Chapter II, Section ), we arrive at
∥∥p(t)∥∥Lq((m)) + ∥∥v(t)∥∥W ,q((m)) ≤ K∥∥˜f(t)∥∥L(). ()
Now we use estimates inW ,q and repeat all over again for the function χ (m) and domains
(m) ⊂G(m) ⊂ (m), ∂G(m) ∈ C∞ and get
∥∥˜f (m)(t)∥∥Lq(G(m)) + ∥∥ϕ(m)(t)∥∥W ,q(G(m))
≤ ∥∥˜f (m)(t)∥∥Lq((m)) + ∥∥ϕ(m)(t)∥∥W ,q((m))
≤ K(∥∥˜f(t)∥∥L() + ∥∥˜f(t)∥∥Lq()) ≤ K∥∥˜f(t)∥∥Lq(), ()∥∥(χ (m)p)(t)∥∥W ,q(G(m)) + ∥∥(χ (m)v)(t)∥∥W,q(G(m))
≤ ∥∥˜f (m)(t)∥∥Lq((m)) + ∥∥ϕ(m)(t)∥∥W ,q((m)) ≤ K∥∥˜f(t)∥∥Lq(), ()∥∥p(t)∥∥W ,q((m)) + ∥∥v(t)∥∥W,q((m)) ≤ K∥∥˜f(t)∥∥Lq(). ()
Combined again with the embedding theorem for the pair of spaces W ,q((m)) ↪→
C,λ((m)) (see [], Chapter II, Section ), this estimate shows that for q >  and λ = – q ,
∥∥v(t)∥∥C,λ((m)) ≤ C∥∥v(t)∥∥W,q((m)) ≤ K∥∥˜f(t)∥∥Lq(). ()
Whenever ρ˜ is continuous with respect to t, the above estimates imply that v = U[ρ˜] is
continuous as a function of t with values inW ,q((m)) (or C,λ((m))), or as a real-valued
function of t and x:
v ∈ C(,T ;W ,q((m))) ⊂ C(,T ;C,λ((m))).
Last estimates and the arbitrary choice ofm show that
v ∈ C(,T ;W ,q()) ⊂ C(,T ;C,λ()). ()
(b) We establish now the existence of a regular solution  to the transport equation ()
for a smooth initial density ρ(ε) ∈ C∞() such that ρ– ≤ (ε) (x)≤ ρ+.
Given the velocity ﬁeld v =U[ρ˜], we ﬁnd the starting point (ξ , t),
ξ = γ –(x, t;v; t) ∈ (

–ε )
of the characteristic of () which hits x = γ (ξ , t;v; t) ∈  at time t:
∂γ
∂t = v(γ , t), t = t, γ (ξ , t;v; t) = ξ , ()
where ξ = γ –(x, t;v; t).
By construction t =  for ξ ∈ (m) and t ≥  for ξ ∈ S±m.
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For given v = (v, v), let
˜(m)(t) =(m) ∪ {(ξ , t) : ξ ∈ S±m,  < t < t such that ± v(ξ , t) < }.
Then, for all  < t < Tm, transformations
γ˜ : ˜(m)(t)→ (m),
x = γ˜ (ξ , t) = γ (ξ , t;v; ) for ξ ∈ (m),
x = γ˜ (ξ , t) = γ (ξ , t;v; t) for ξ ∈ S±m,  < t < t ()
and
γ˜ – :(m) → ˜(m)(t), ξ = γ˜ –(x, t)
are continuously diﬀerentiable if v enjoys the regularity properties (), typical of solutions
to ()-():
sup
(m)
∣∣∣∣∂γ∂t (ξ , t)
∣∣∣∣ + ∥∥γ˜ (·, t)∥∥C,λ(˜(m)(t)) + ∥∥γ˜ –(·, t)∥∥C,λ((m)) ≤ K . ()
To see this, it suﬃces to consider the Cauchy problem, the linear system
∂
∂t
(
∂γi
∂ξj
)
=
∑
k=
∂vi
∂xk
∂γk
∂xj
, ∂γi
∂ξj
∣∣∣∣
t=t
= δij, γ = (γ,γ)
and use estimates () for v =U[ρ˜].
Estimates for the inverse to ( ∂γi
∂ξj
) matrix follow from the estimates for the proper matrix
and the fact that the Jacobian | ∂γ
∂ξ
| preserves its value due to incompressibility.
The above provides for the existence of a unique solution of () and an explicit repre-
sentation for solution of ()-() for  < t < Tm using () is ([], Chapter II, Section )
˜(ε)(x, t) = ρ(ε)
(
γ˜ –(x, t)). ()
It shows that ˜(ε)(x, t) is uniformly bounded,
ρ– ≤ ˜(ε)(x, t) = ρ(ε)
(
γ˜ –(x, t)) ≤ ρ+. ()
Now we ﬁnd the time Tm using transformation γ˜ of the domain (

–ε ) onto the domain
Q(ε)(v; t) =
{x ∈  : x = γ (ξ , t;v; ), ξ ∈ ( –ε )}.
By construction
ρ– < ˜(ε)(x, t) < ρ+ for x ∈Q(ε)(v; t)
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and
˜(ε)(x, t) = ρ± for x ∈ \Q(ε)(v; t).
In fact, if x ∈ (m)\(Q(ε)(v; t)), then
x = γ (ξ , t;v; ), where ξ ∈ (m)\(( –ε ))
or
x = γ (ξ , t;v; t), where ξ ∈ S±m, ≤ t < t.
In both cases ˜(ε)(x, t) = ρ±.
Outside of (m), ˜(ε)(x, t) has been already deﬁned by ().
Thus, one deﬁnes Tm from
Q(ε)(v; t)⊂ (m) for  < t < Tm, Q(ε)(v;Tm)∩ S±m = ∅. ()
The density inherits from ρ(ε) the existence of bounded derivatives
sup
(x,t)
(∣∣∣∣∂˜(ε)∂t (x, t)
∣∣∣∣ + ∣∣∇˜(ε)(x, t)∣∣
)
≤ K sup
x
∣∣∇ρ(ε) (x)∣∣. ()
It follows from representation (), equation (), and estimates ().
Note that due to () the time range Tm is bounded from below independently on ε and
ρ˜ ∈M:
Tm ≥ T >  for all ρ˜ ∈M and ε > . ()
To prove it we just note that |v(x, t)| ≤ K , and due to this restriction cross-sections of
(ε)(t) by the planes {x = const} are bounded from below by the line x = –ε – Kt. This
fact results in T ≥ –εK ≥ K for ε ≤  . The same restriction is valid for (–ε)(t).
(c) The operator U is evidently continuous as a linear one. To see that the operator F =
R ◦U is continuous, we have to prove the continuity of R[v] for v =U[ρ˜].
To do that we consider two diﬀerent solutions ˜(ε) = R[v] and ˜(ε) = R[v] to (), ()
and put
ˆ = ˜(ε) – ˜
(ε)
 , vˆ = v – v. ()
The function ˆ solves the inhomogeneous transport equation
∂ˆ
∂t + v · ∇ˆ = –vˆ · ∇˜
(ε)
 ()
with the homogeneous initial condition.
Integration of the last equation along characteristics results in
sup
(x,t)
∣∣ˆ(x, t)∣∣ ≤ Tm sup
(x,t)
∣∣∇˜(ε) (x, t)∣∣ · sup
(x,t)
∣∣vˆ(x, t)∣∣, ()
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which proves the continuity of F . Moreover, estimate () shows that F is completely con-
tinuous, and estimate () shows that F transformsM into itself.
Applying Schauder’s ﬁxed point theorem, we ﬁnd at least one ﬁxed point ρε of F , which
deﬁnes a solution {ρε ,pεuε}, uε = U[ρε] to problem ()-(), ()-() for smooth initial
density ρ(ε) on the time interval (,Tm) such that for all positive integer m and for all
t ∈ (,Tm),
ρ– ≤ ρ(ε)(x, t)≤ ρ+, ()∥∥pε(t)∥∥L() + ∥∥uε(t)∥∥W ,() ≤ C∥∥fε(t)∥∥L(), ()∥∥pε(t)∥∥W ,q((m)) + ∥∥uε(t)∥∥W,q((m)) + ∥∥uε(t)∥∥C,λ((m)) ≤ K∥∥fε(t)∥∥Lq(), ()
where fε =∇p – gρεe.
This solution satisﬁes equations () and () in a usual sense almost everywhere in T =
× (,T), boundary condition () in a usual sense, and boundary condition () in a sense
of the integral identity
∫

(P(uε(t),pε(t)) :D(ϕ) + fε · ϕ)dx =  ()
for almost all  < t < T and for any smooth solenoidal functions ϕ vanishing at x ∈ S.
The density ρε is deﬁned as
ρ(ε)(x, t) =
{
ρ
(ε)
 (ξ ), x = γ (ξ , t;uε ; ), ξ ∈ (

–ε ),
ρ±, x ∈ \Q(ε)(uε ; t).
()
3.2 W1,1 Bounds for density
For a smooth initial density ρ, both velocity and density are smooth on the time interval
(,Tm), and the derivatives ρ i = ∂ρ∂xi (we omit for simplicity index ε) satisfy the equations
∂ρ i
∂t + u · ∇ρ
i =
∑
j=
aijρ j, ρ i(x, ) =
∂ρ
∂xi
(x),
where aij = –
∂uj
∂xi , i, j = , , u = (u,u). By the previous estimates (),∣∣aij(x, t)∣∣ ≤ K for i, j = , ,x ∈ (m),  < t < Tm. ()
Note also that ρ i ≡  in \(m). Therefore ρ iu vanishes on the boundary ∂(m).
We multiply the ith equation by ρi√
(ρi)+δ
with δ >  and integrate over (m). The result
is
d
dt
∫
(m)
√(
ρ i
) + δ dx + ∫
(m)
u · ∇(ρ i)dx = ∫
(m)
∑
j=
aij
ρ iρ j√
(ρ i) + δ
dx,
where (ρ i) =
∫ ρi
 (s + δ)–/ ds. Since u is solenoidal and ρ iu =  on ∂(m),∫
(m)
u · ∇(ρ i)dx = –∫
(m)

(
ρ i
)∇ · udx + ∫
∂(m)

(
ρ i
)u · ndS = 
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(here, n is the unit normal to ∂(m)), and we arrive at
d
dt
∫
(m)
√(
ρ i
) + δ dx = ∫
(m)
∑
j=
aij
ρ iρ j√
(ρi) + δ
dx.
One can sum these identities in i and get the equation
d
dt
∫
(m)
∑
i=
√(
ρ i
) + δ dx = ∫
(m)
∑
i,j=
aij
ρ iρ j√
(ρ i) + δ
dx.
Let z(t) =
∫
(m)
∑
i=
√
(ρ i) + δ dx. Then the last relation bymeans of estimates () trans-
forms to
dz
dt ≤
∫
(m)
∑
i,j=
∣∣aij∣∣∣∣ρ j∣∣dx≤ Kz, z() = z,
where
z =
∫
(m)
∑
i=
√(
∂ρ
∂xi
)
+ δ dx≤ C
∫

(∣∣∇ρε∣∣ + )dx≤ C. ()
Applying the Gronwall inequality and keeping in mind the equalities ρ i(x, t) ≡  in
\(m), we establish that for each t ∈ (,Tm),
∫

∣∣∇ρε(x, t)∣∣dx≤ z(t)≤ K ∫

(∣∣∇ρε∣∣ + )dx≤ K . ()
By the transport equation ()
∥∥∥∥∂ρε∂t (t)
∥∥∥∥
L()
≤ max
x∈(m)
∣∣uε(x, t)∣∣∥∥∇ρε(t)∥∥L(). ()
Combining this estimate and (), we conclude ﬁnally that
max
t
∥∥ρε(t)∥∥L∞() ≤ C, ()
max
t
(∥∥∥∥∂ρε∂t (t)
∥∥∥∥
L()
+
∥∥∇ρε(t)∥∥L()
)
≤ K∥∥∇ρε∥∥L() ≤ K . ()
3.3 Passage to non-smooth initial data, existence of a regular free boundary
Let {uε ,pε ,ρε} be the solution of problem ()-(), ()-() that corresponds to the initial
density ρε. The estimates (), () allow us to extract a subsequence {ρε} (we preserve
the same notation for this subsequence for the sake of simplicity) which converges strongly
in Lr(Tm ) to ρ(x, t) for some r > . This can be done by the embedding theorem for the
pair of spacesW ,(Tm ) ↪→ Lr(Tm ).
Since the densities ρε(x, t) satisfy (), the same subsequence {ρε} converges strongly in
L∞((,Tm);Lq()) for each q > . According to estimates ()-(), this implies for every
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positive integerm the strong convergence of the corresponding subsequence of velocities
{uε} to some function u in the space
L∞
(
,T ;W ,q
(
(m)
)) ∩ L∞(,T ;C,λ((m))) ∩ L∞(,T ;W ,())
with λ =  – q and the strong convergence of the corresponding subsequence of pressures
{pε} to some function p in the space
L∞
(
,T ;L()
) ∩ L∞(,T ;W ,q((m))).
Indeed, for ρ = ρε – ρε , the diﬀerence u = uε – uε , p = pε – pε satisﬁes the problem
μu –∇p + gρe = , ∇ · u = , x ∈ ,
u = , x ∈ S,
P(u,p) · n = , x ∈ S±,
and estimates ()-() for the solution of this system imply the above mentioned conver-
gence.
The direct limiting procedure as ε →  in equations (), () and boundary condition ()
for functions {uε ,pε} show that the pair {u,p} satisﬁes these equations almost everywhere
in T and boundary condition ().
Passing to the limit as ε →  in the integral identity () in the form
∫ T

ξ (t)
(∫

(P(uε(t),pε(t)) :D(ϕ) + fε · ϕ)dx)dt = 
for any smooth function ξ (t), one sees that the limit functions satisfy the original problem
and boundary condition () in a weak sense ().
It is clear, that for all ε >  functions uε and ρε satisfy integral identity () with initial
function ρε(x). The limit there as ε →  results in the integral identity () for functions
u and ρ with initial function ρ(x).
On the other hand, the density ρε is deﬁned by () and ρε(x, t) = ρ± for ﬁxed  < t < Tm
outside of Qε(uε ; t).
By construction the curves (±ε)(uε ; t) are the part of the boundary ∂Qε(uε ; t) and due
to ()
(±ε)
(uε ; t) → (t) as ε → .
Let

(uε ; t) = {x ∈  : x = γ (ξ , t;uε ; ), ξ ∈ ()}.
Then (uε ; t)⊂Qε(uε ; t) and by the same reason

(uε ; t) → (t) = {x ∈  : x = γ (ξ , t;u; ), ξ ∈ ()} as ε → .
The desired smoothness of (t) follows from ().
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Thus, (t) divides  by two subdomains ±(t) and due to properties of the obtained
limits ρε(x, t) = ρ± outside of (t).
3.4 Existence of the maximal time interval and uniqueness of the solution
By deﬁnition δ(Tm)≥ m . Therefore we may extend characteristics
x = γ (ξ , t;u; ), ξ ∈ (),
which form (t), up to time T , where
δ(t)↘  as t ↗ T .
Uniqueness of the solution is proved in the same way as in [].
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